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WANDERING VECTORS AND
THE REFLEXIVITY OF FREE SEMIGROUP ALGEBRAS
MATTHEW KENNEDY
Abstrat. A free semigroup algebra S is the weak-operator-losed (non-self-
adjoint) operator algebra generated by n isometries with pairwise orthogonal
ranges. A unit vetor x is said to be wandering for S if the set of images of x
under non-ommuting words in the generators of S is orthonormal.
We establish the following dihotomy: either a free semigroup algebra has
a wandering vetor, or it is a von Neumann algebra. Consequenes inlude
that every free semigroup algebra is reexive, and that ertain free semigroup
algebras are hyper-reexive with a very small hyper-reexivity onstant.
1. Introdution
A free semigroup algebra S is the weak-operator-losed (non-self-adjoint) algebra
generated by n isometries S1, ..., Sn on a Hilbert spae H whih have pairwise
orthogonal ranges, or equivalently, whih satisfy
S∗i Sj =
{
I if i = j,
0 otherwise.
Although n an be nite or innite, for notational onveniene we treat n as nite
and make note of any issues that arise. We say that S = [S1 ... Sn] is a row
isometry, sine S is isometri as a row operator from Hn to H.
Row isometries arise throughout operator theory. A theorem of Frazho, Bune,
and Popesu shows that n operators A1, ..., An whih satisfy
∑
AkA
∗
k ≤ I an be
dilated to a row isometry S = [S1 ... Sn] suh that
Sk =
(
Ak 0
∗ ∗
)
.
This is a non-ommutative multivariable analogue of the Sz.-Nagy dilation theorem.
Popesu [19℄ showed that the norm-losed algebra generated by any row isometry
of size n is ompletely isometrially isomorphi to the non-ommutative disk algebra
An, and it is well known that the C*-algebra generated by a row isometry of size n
is isomorphi to the Cuntz algebra On if
∑
AkA
∗
k = I, and otherwise is isomorphi
to the Cuntz-Toeplitz algebra En. By ontrast, the weak-operator-losed algebras
generated by distint row isometries an be dramatially dierent (see for example
[10℄).
In some sense then, it is natural to study row isometries by looking at the free
semigroup algebras they generate. This idea, and with it the denition of a free
semigroup algebra, was introdued by Davidson and Pitts [12℄. They observed that
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free semigroup algebras often ontain interesting information about the unitary
invariants of their generators.
The prototypial example of a free semigroup algebra is the non-ommutative
analyti Toeplitz algebra generated by the left regular representation of the free
semigroup on n letters. This algebra, whih we denote by Ln, was rst studied by
Popesu [18℄ in the ontext of non-ommutative multivariable dilation theory.
For n = 1, Ln is the familiar algebra of analyti Toeplitz operators, whih is
singly generated by the unilateral shift. For n ≥ 2, Ln is no longer ommutative,
but it turns out that a number of lassial results about the analyti Toeplitz
operators have straightforward generalizations to this setting. This is a large part
of the motivation for the name non-ommutative analyti Toeplitz algebra.
The role of Ln is of entral importane in the general theory of free semigroup
algebras, and it turns out to be desirable to isolate Ln-like behavior. A free
semigroup algebra is said to be of type L if it is algebraially isomorphi to Ln.
It is important to emphasize the word algebraially here. Examples have been
onstruted (see for example [10℄) of free semigroup algebras whih are of type
L, and so behave algebraially like Ln, but whih have a very dierent spatial
struture.
The general struture theorem for free semigroup algebras [10℄ shows that every
free semigroup algebra an be deomposed into 2 × 2 blok-lower-triangular form,
where the left olumn is a slie of a von Neumann algebra, and the bottom-right
entry is a type L free semigroup algebra. It is well known (see for example [22℄)
that the weak-operator-losed algebra generated by a single isometry an be self-
adjoint. Davidson, Katsoulis, and Pitts [10℄ asked whether it was possible for a free
semigroup algebra on 2 or more generators to be self-adjoint, and some time later
Read [21℄ (see also [9℄) answered in the armative by showing that B(H) was a free
semigroup algebra.
A notion of fundamental importane is that of a wandering vetor. A unit
vetor x is said to be wandering for a free semigroup algebra S if the set of images
of x under non-ommuting words in the generators of S forms an orthonormal set.
It is known (see for example [12℄) that the spatial struture of Ln is ompletely
determined by the existene of a large number of wandering vetors.
It is easy to see that the restrition of any free semigroup algebra to the yli
subspae generated by a wandering vetor is unitarily equivalent to Ln, and so in
partiular is of type L. It has been an open question for some time, however, whether
every type L free semigroup algebra neessarily has a wandering vetor. It turns
out that this question is equivalent to the question of whether every free semigroup
algebra is reexive. This an be shown using the general struture theorem for free
semigroup algebras: sine every von Neumann algebra is reexive, the reexivity
of a free semigroup algebra depends on the reexivity of its type L part.
The purpose of this paper is to prove that every type L free semigroup algebra
has wandering vetors, and hene to prove that every free semigroup algebra is
reexive.
Our approah is very muh in the spirit of the dual algebra arguments whih
have been used with great suess by Berovii, Foias, Peary and many others (see
for example [5℄), and whih are based on Brown's proof of the existene of invariant
subspaes for subnormal operators [6℄. The fundamental idea at the heart of these
arguments is that it is often possible to prove the existene of invariant subspaes
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for a weak*-losed operator algebra by showing that, in an appropriate sense, the
predual of the algebra is small.
Typially, these arguments are employed in a ommutative setting, where ertain
spetral and funtion-theoreti tools are available. In the present non-ommutative
ontext, we rely instead on various operator-theoreti tehniques.
A lue that it might be possible to attak the present problem using dual algebra
tehniques ame from a reent paper of Berovii [4℄, who used them to establish the
hyper-reexivity of a lass of algebras whih inludes the non-ommutative analyti
Toeplitz algebra on two or more generators. The hyper-reexivity of this algebra
had already been shown by Davidson and Pitts [12℄, with an upper bound of 51 on
the hyper-reexivity onstant, but Berovii's approah yielded a surprisingly low
upper bound of 3.
Motivated by Berovii's result, one we have shown that every type L free
semigroup algebra has a wandering vetor, we go further and show that every type
L free semigroup algebra on two or more generators is hyper-reexive with hyper-
reexivity onstant at most 3.
2. Preliminaries
Let F+n denote the free semigroup in n non-ommuting letters {1, ..., n}, inluding
the empty word ∅. For a word w in F+n , let |w| denote its length, and let Fkn denote
the set of all words in F+n of length at most k.
Let Fn denote the Fok spae Fn = ℓ2(F+n ) with orthonormal basis {ξw : w ∈
F+n } onsisting of words in F+n . For eah v in F+n , dene an isometry Lv by
Lvξw = ξvw, w ∈ F+n .
The map v → Lv gives a representation of F+n , alled the left regular representation.
The isometries L1, ..., Ln have pairwise orthogonal ranges. The free semigroup al-
gebra they generate, denoted by Ln, is alled the non-ommutative analyti Toeplitz
algebra. For n = 1, Ln is the lassial analyti Toeplitz algebra, but for n ≥ 2, Ln
is no longer ommutative.
We require a result for Ln whih generalizes a lassial result about the analyti
Toeplitz operators. An element in Ln is said to be inner if it is an isometry, and
outer if it has dense range. It was shown in [12℄ that an arbitrary element A in Ln
an be written as A = BC, where B is inner and C is outer. This generalizes the
lassial inner-outer fatorization for elements in the analyti Toeplitz algebra.
Every element A in Ln is ompletely determined by its Fourier series
A ∼
∑
w∈F+n
awLw,
whih is a formal power series with oeients in Ln, where
Aξ∅ =
∑
w∈F+n
awξw.
For k ≥ 1, dene the k-th Cesaro sum of the Fourier series of A by
Γk(A) =
∑
|w|<k
(1− |w|
k
)awLw.
Then the sequene Γk(A) is strongly onvergent to A.
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By symmetry, for eah v in F+n we an dene an isometry Rv by
Rvξw = ξwv, w ∈ F+n ,
and the map v → Rv gives an anti-representation (i.e. a multipliation revers-
ing representation) of F+n , alled the right regular representation. The isometries
R1, ..., Rn also have orthogonal ranges, and the free semigroup algebra they gener-
ate, denoted by Rn, is unitarily equivalent to Ln. It was shown in [12℄ that Rn is
the ommutant of Ln.
A free semigroup algebra S is said to be of type L if it is algebraially isomorphi
to Ln. It was shown in [10℄ that if S is of type L, then there is a ompletely isometri
isomorphism Φ from Ln to S whih takes the generators of Ln to the generators of
S. Moreover, Φ is a weak*-to-weak* homeomorphism, and the inverse map Φ−1 is
the dual of an isometri isomorphism φ from the predual of Ln to the predual of S.
For a free semigroup algebra S, let S0 denote the weak-operator-losed ideal
generated by S1, ..., Sn. Then either S0 = S, or S/S0 ∼= C. In the latter ase, the
general struture theorem for free semigroup algebras [10℄ implies that S has a type
L part. If S0 = S, then S is a von Neumann algebra.
The set of weak*-ontinuous linear funtionals on B(H), i.e. the predual, an be
identied with the set of trae lass operators C1(H), whereK in C1(H) orresponds
to the linear funtional
T → tr(TK), T ∈ B(H).
With this identiation, the set of weak-operator-ontinuous linear funtionals on
B(H) orresponds to the set of nite rank operators. The predual of a weak*-losed
subspae S of B(H) an be identied with the quotient spae C1(H)upslope⊥S, where
⊥S denotes the set of elements in C1(H) whih annihilate S, i.e. the preannihilator.
It was shown in [12℄ that the weak* topology and the weak operator topology o-
inide on Ln. This means that the oset of every weak*-ontinuous linear funtional
on Ln ontains an element of nite rank.
Let S be a free semigroup algebra on a Hilbert spae H. A unit vetor x in H is
said to be wandering for S if the set {Swx : w ∈ F+n } is orthonormal. The following
theorem from [10℄ is integral to our results.
Theorem 2.1. Let S be a type L free semigroup algebra. Then for some m ≥ 1,
the ampliation S(m) has a wandering vetor.
Suppose that S is a type L free semigroup algebra, and let π0 be the weak-
operator-ontinuous linear funtional on S suh that π0 annihilates S0 and π0(I) =
1. Then the oset in C1(H) orresponding to π0 ontains an operator of nite rank,
say m ≥ 1. This m orresponds to the m in the statement of Theorem 2.1. Sine
the restrition of S(m) to the yli subspae generated by a wandering vetor is
unitarily equivalent to Ln, it follows that the weak* topology and the weak operator
topology agree on S.
A subspae S of B(H) is said to be reexive if S ontains every operator T in
B(H) with the property that Tx belongs to S[x] for every x in H. This denition
of reexivity was introdued by Loginov and Shulman [16℄.
The notion of hyper-reexivity, whih was introdued by Arveson [1℄, is a quan-
titative analogue of reexivity. Let dS denote the distane seminorm
dS(T ) = inf{‖T −A‖ : A ∈ S}, T ∈ B(H),
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and dene another seminorm rS by
rS(T ) = sup{|(Tx, y)| : ‖x‖, ‖y‖ ≤ 1 and (Ax, y) = 0 for all A ∈ S}, T ∈ B(H).
Then the reexivity of S is equivalent to the ondition that dS(T ) = 0 if and only
if rS(T ) = 0.
The equality rS(T ) ≤ dS(T ) always holds. We say that S is hyper-reexive if
there is a onstant C > 0 suh that dS(T ) ≤ CrS(T ) for all T in B(H). The
smallest suh C is alled the hyper-reexivity onstant of S. Of ourse, hyper-
reexivity implies reexivity.
Davidson [8℄ showed that the analyti Toeplitz algebra is hyper-reexive with
hyper-reexivity onstant at most 19. Davidson and Pitts [12℄ showed that for
n ≥ 2, Ln is hyper-reexive with hyper-reexivity onstant at most 51. This was
later improved by Berovii [4℄, who showed that this hyper-reexivity onstant is
at most 3.
3. The Non-ommutative Toeplitz Operators
The Toeplitz operators are preisely the operators T in B(ℓ2(N)) whih satisfy
S∗TS = T , where S is the unilateral shift. This motivates the following denition,
whih was introdued by Popesu [17℄.
Denition 3.1. Let S=[S1 ... Sn] be a row isometry. We say that T is an S-
Toeplitz operator if
S∗i TSj =
{
T if i = j,
0 otherwise,
and we let TS denote the set of all S-Toeplitz operators.
If an S-Toeplitz operator T is stritly positive, then by Theorem 4.3 of [17℄, it
an be fatored as T = A∗A, for some A in the ommutant of the free semigroup
algebra generated by S.
Dene row isometries L and R by L = [L1 ... Ln] and R = [R1 ... Rn]. The
size, n, will always be lear from the ontext. In this setion we will establish some
properties of the set TR of R-Toeplitz operators whih we will need later. Note
that sine Ln is unitarily equivalent to Rn, the set TR of R-Toeplitz operators is
unitarily equivalent to the set TL of L-Toeplitz operators. This means that any
properties of TR will orrespond in an obvious way to properties of TL.
The following Lemma is implied by Corollary 1.3 of [20℄. Here we give a short
diret proof.
Lemma 3.2. The set TR of R-Toeplitz operators is preisely the weak* losure of
the operator system L∗n + Ln.
Proof. It is lear that the weak* losure of L∗n + Ln is ontained in TR, sine
R∗iLwRj = R
∗
iRjLw =
{
Lw if i = j,
0 otherwise.
Suppose then that T belongs to TR. It's lear that T ∗ also belongs to TR, and hene
that the real and imaginary parts of T belong to TR. Sine the salar operators
also belong to TR, it follows that we an write T as a nite linear ombination of
stritly positive operators in TR. Hene we may suppose that T is stritly positive.
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By Theorem 4.3 of [17℄, we an write T = A∗A for some A in Ln. Note that
A∗Γk(A) belongs to Ln + L∗n for k ≥ 1, where Γk(A) denotes the k-th Cesaro sum
of the Fourier series for A. The sequene Γk(A) is weak*-onvergent to A, so it
follows that A∗Γk(A) is weak*-onvergent to A
∗A = T , and hene that T belongs
to the weak* losure of Ln + L∗n. 
Note that based on the denition of the set TR of R-Toeplitz operators, Lemma
3.2 implies that the weak* losure of L∗n+Ln is losed in the weak operator topology.
Lemma 3.3. For n ≥ 2, every R-Toeplitz operator T an be fatored as T = B∗C
for some B and C in Ln. Moreover, B and C an be taken to be bounded below.
Proof. As in the proof of Lemma 3.2, we an write T as a nite linear ombination
of stritly positive R-Toeplitz operators, say T =
∑m
i=1 ciTi for some c1, ..., cm in C
and stritly positive T1, ..., Tm in TR. By Theorem 4.3 of [17℄, we an fator eah
Ti as Ti = A
∗
iAi for some Ai in Ln. Set B =
∑m
i=1 L1i2Ai and C =
∑m
i=1 ciL1i2Ai.
Then B and C both belong to Ln and T = B∗C.
To see that B and C an be taken to be bounded below, take B′ = B + L1m+12
and C′ = C + L1m+22. Then B
′
and C′ both belong to Ln. Sine the isometries
L12, ..., L1m+22 have pairwise orthogonal ranges, B
′
and C′ are bounded below, and
T = (B′)∗C′. 
Lemma 3.3 provides another haraterization of the R-Toeplitz operators for
n ≥ 2.
Corollary 3.4. For n ≥ 2, the set TR of R-Toeplitz operators is preisely L∗nLn =
{B∗C : B,C ∈ Ln}.
Popesu [20℄ showed that every R-Toeplitz operator T has a Fourier series
T ∼
∑
w∈F+n
awLw +
∑
w∈F+n\{∅}
bwL
∗
w,
whih is a formal power series with oeients in Ln and L∗n. This ompletely
determines T in the sense that for every word u in F+n ,
Tξu =
∑
w∈F+n
awLwξu +
∑
w∈F+n\{∅}
bwL
∗
wξu.
Let S be a type L free semigroup algebra. We know that the anonial map from
Ln to S is a omplete isometry and a weak*-to-weak* homeomorphism. Our goal
for the remainder of this setion is to show that this map extends in a natural way
to a map from the weak* losure of Ln + L∗n (i.e. from the set TR of R-Toeplitz
operators) to the weak* losure of S+S∗, and that this extension is also a omplete
isometry and a weak*-to-weak* homeomorphism.
Lemma 3.5. Let S be a type L free semigroup algebra with n ≥ 2 generators ,
and let Φ be the anonial map from Ln to S. Then Φ−1 maps isometries in S to
isometries in Ln.
Proof. By Theorem 2.1, S(m) has a wandering vetor w for some m, and the re-
strition of S(m) to S(m)[w] is unitarily equivalent to Ln. The map Φ−1 from S to
Ln is given by taking S to S(m) , restriting to S(m)[w], and applying this equiv-
alene. If G is an isometry in S, then G(m) is an isometry in S(m), and so learly
the restrition of G(m) to S(m)[w] is an isometry. 
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Theorem 3.6. Let S be a type L free semigroup algebra with n ≥ 2 generators on
a Hilbert spae H. Then the anonial map Φ from Ln to S extends to a ompletely
isometri weak*-to-weak* homeomorphism from the weak* losure of Ln + L∗n to
the weak* losure of S + S∗.
Proof. Applying Arveson's extension theorem [2℄ gives a ompletely positive map
Ψ from C∗(Ln) to B(H) whih extends Φ. Sine Ψ extends Φ, we have ‖Ψ‖ =
‖Ψ(I)‖ = ‖Φ(I)‖ = 1. Let Z = {A ∈ C∗(Ln) : Ψ(A)∗Ψ(A) = Ψ(A∗A)}. By [7℄, we
have
Z = {A ∈ C∗(Ln) : Ψ(B)Ψ(A) = Ψ(BA) for all B in C∗(Ln)}.
By Theorem 4.1 of [10℄, Φ maps isometries in Ln to isometries in S, so every
isometry in Ln belongs to Z. Sine, by Theorem 4.5 of [10℄, every element in Ln
an be written as a nite linear ombination of isometries in Ln, this implies that
Z ontains all of Ln. Hene for A in Ln, Ψ(TA) = Ψ(T )Ψ(A) for all T in C∗(Ln).
Note that by Corollary 3.4, C∗(Ln) ontains TR. For the remainder of the proof,
we restrit Ψ to TR.
Let T be a self-adjoint element in TR suh that Ψ(T ) = 0. For suiently
large λ > 0, T + λI is stritly positive, so by Theorem 4.3 of [17℄, we an write
T + λI = B∗B for some B in Ln. Let V = λ−1/2B. Then
Φ(V )∗Φ(V )− I = Ψ(V ∗V − I)
= Ψ(λ−1B∗B − I)
= Ψ(λ−1(T + λI)− I)
= λ−1Ψ(T )
= 0,
whih shows that Φ(V ) is an isometry in S. By Lemma 3.5, this implies that V is
an isometry in Ln. Hene
T = λ(V ∗V − I) = 0.
Sine, for arbitrary T in TR, re(T ) and im(T ) are self-adjoint, and sine
Ψ(T ) = Ψ(re(T ) + im(T )) = re(Ψ(T )) + im(Ψ(T )) = 0
if and only if ψ(re(T )) = 0 and ψ(im(T )) = 0, it follows that Ψ is injetive.
Arguing exatly as above, the anonial map Φ−1 from S to Ln also has a
ompletely positive extension Ω from C∗(S) to B(Fn), and for G in S, Ω(HG) =
Ω(H)Ω(G) for all H in C∗(S). Sine Ω extends Φ−1, we have ‖Ω‖ = ‖Ω(I)‖ =
‖Φ−1(I)‖ = 1. For the remainder of the proof we restrit Ω to the intersetion of
C∗(S) and the range of Ψ.
Note that the range of Ψ is ontained in the weak* losure of S + S∗. Indeed,
by Lemma 3.4, every element in the range of Ψ an be written as Ψ(B∗C) =
Ψ(B∗)Ψ(C) = Φ(B)∗Φ(C) for some B and C in Ln. The sequene Γk(C) is
weak operator onvergent to C, so by the weak operator ontinuity of Φ, the se-
quene Φ(Γk(C)) is weak operator onvergent to Φ(C), and hene the sequene
Φ(B)∗Φ(Γk(C)) is weak operator onvergent to Φ(B)
∗Φ(C), whih implies that
Φ(B)∗Φ(C) is ontained in the weak* losure of S + S∗.
We laim that Ω(Ψ(T )) = T for all T in TR. Indeed, apply Lemma 3.4 to write
T = B∗C for some B and C in Ln, and let G = Φ(B) and H = Φ(C). Then we
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have
Ψ(T ) = Ψ(B∗C)
= Φ(B)∗Φ(C)
= G∗H,
whih gives
Ω(Φ(T )) = Ω(G∗H)
= (Φ−1(G))∗Φ−1(H)
= B∗C
= T.
Then
‖T ‖
‖Ψ(T )‖ =
‖Ω(Ψ(T ))‖
‖Ψ(T )‖ ≤ 1,
whih gives
‖T ‖ ≤ ‖Ψ(T )‖ ≤ ‖T ‖,
and shows that Ψ maps TR isometrially onto its range.
We now show that Ψ is weak*-to-weak* ontinuous. Sine the predual of TR is
separable, by an appliation of the Krein-Smulian theorem it sues to show that
if Tn is a sequene in TR whih is weak*-onvergent to zero, then Ψ(Tn) is weak*
onvergent to zero.
Let A = {A ⊕ Φ(A) : A ∈ Ln}, and note that A is the free semigroup algebra
generated by the isometries L1 ⊕ S1, ..., Ln ⊕ Sn. Fix u in H. By Theorem 1.6 of
[10℄, there exists a vetor x in Fn suh that the restrition of A to W = A[x ⊕ u]
is unitarily equivalent to Ln. Letting P denote the projetion of F ⊕ H onto W ,
and letting K denote the weak* losure of the restrition of P (A +A∗)P to W , it
follows that K is unitarily equivalent to TR. By Lemma 3.4, every element of K an
be written as the restrition to W of an element of the form
P (B∗ ⊕ Φ(B)∗)(C ⊕ Φ(C))P = P (B∗C ⊕Ψ(B∗C))P.
Hene K is the restrition to W of {T ⊕ ψ(T ) : T ∈ TR}.
If Tn is weak* onvergent to zero in TR, the unitary equivalene between TR and
K implies the restrition of the sequene Tn ⊕Ψ(Tn) to W is weak*-onvergent to
zero in K. Hene
((Tn ⊕Ψ(Tn))(x ⊕ u), x⊕ u) = (Tnx, x) + (Ψ(Tn)u, u)→ 0,
and sine (Tnx, x) → 0, this implies that (Ψ(Tn)u, u) → 0. Sine u was hosen
arbitrarily, we dedue that (Ψ(Tn)u, u) → 0 for all u in H. By the polarization
identity, we get that Ψ(Tn) is weak operator onvergent to zero. By the uniform
boundedness priniple, the sequene Ψ(Tn) is bounded. It follows that Ψ(Tn) is
weak* onvergent to zero. We therefore onlude that Ψ is weak* ontinuous.
It now follows by another appliation of the Krein-Smulian theorem that Ψ has
weak* losed range, and that Ψ is a weak*-to-weak* homeomorphism onto its range.
But it's lear that the range of Ψ is weak* dense in the weak* losure of S +S∗, so
Ψ maps TR weak*-to-weak* homeomorphially onto the weak* losure of S + S∗.
From above, Ψ is a ompletely positive isometry, with ompletely positive inverse
Ω. Hene Ψ is ompletely isometri. 
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4. Wandering Vetors
Let S be a weak*-losed subspae of B(H), and let x and y be vetors in H.
Then [x ⊗ y]S denotes the weak-operator-ontinuous linear funtional on S whih
is given by the oset of the rank one tensor x⊗ y. In other words,
(A, [x⊗ y]S) = (Ax, y), A ∈ S.
Denition 4.1. A weak*-losed subspae S of B(H) is said to have property A1(1)
if, for every weak*-ontinuous linear funtional π on S and every ε > 0, there are
vetors x and y in H with ‖x‖‖y‖ < (1 + ǫ)‖π‖ suh that π(A) = (Ax, y) for all A
in S.
It was shown in [12℄ that Ln has property A1(1). A result of Berovii [3℄ implies
that a singly generated type L free semigroup algebra has property A1(1). In this
setion, we will use dual algebra tehniques to show that every type L free semigroup
algebra with n ≥ 2 generators has property A1(1). From this result, it will follow
easily that every type L free semigroup algebra has a wandering vetor.
For the remainder of this setion we x a type L free semigroup algebra S with
n ≥ 2 generators ating on a Hilbert spae H. The general outline of our approah
is as follows. Let π be a weak*-ontinuous linear funtional on S. We will show
that we an onstrut onvergent sequenes (xk) and (yk) suh that
lim
k→∞
‖π − [xk ⊗ yk]S‖ = 0.
This will then give π = [x⊗ y]S , where x = limk xk and y = limk yk.
The following idea will allow us to iteratively onstrut the sequenes (xk) and
(yk). Fix xk and yk. Suppose we an nd vetors x
′
and y′ suh that
(1) [x′ ⊗ y′]S approximates the error π − [xk ⊗ yk]S arbitrarily losely,
(2) ‖[xk ⊗ y′]S‖ and ‖[x′ ⊗ yk]S‖ are arbitrarily small,
(3) ‖x′‖ and ‖y′‖ are arbitrarily lose to ‖π − [xk ⊗ yk]S‖.
Set xk+1 = xk + x
′
and yk+1 = yk + y
′
. Then
‖π − [xk+1 ⊗ yk+1]S‖ ≤ ‖π − [xk ⊗ yk]S − [x′ ⊗ y′]S‖+ ‖[x′ ⊗ yk]S‖+ ‖[xk ⊗ y′]S‖,
so [xk+1⊗yk+1]S is an arbitrarily good approximation to π, and the sequenes (xk)
and (yk) an be made Cauhy. Of ourse, the main diulty will be in showing
that it is possible to nd x′ and y′ as above.
Denition 4.2. An operator X : Fn → H is said to intertwine Ln and S if
XLi = SiX for 1 ≤ i ≤ n.
Let x = (x1, ..., xm) be a wandering vetor for S(m). We know that the restrition
of S(m) to S(m)[x] is unitarily equivalent to Ln. Let X : Fn → H denote the map
whih follows this equivalene with the projetion onto the rst oordinate. Then
X intertwines Ln and S. It was shown in [11℄ that every vetor in H is in the range
of some intertwining operator of this form.
The following result shows that every intertwining operator gives rise to an L-
Toeplitz operator. This allows us to use the results of setion 3 to work with
intertwining operators.
Lemma 4.3. Suppose X : Fn → H intertwines Ln and S. Then X∗X is an
L-Toeplitz operator.
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Proof. This follows immediately from the identity
L∗iX
∗XLj = X
∗S∗i SjX
=
{
X∗X if i = j,
0 otherwise.

We require several tehnial results about L-Toeplitz operators.
Lemma 4.4. Let T be an L-Toeplitz operator with Fourier series
T ∼
∑
w∈F+n
awRw +
∑
w∈F+n\{∅}
bwR
∗
w.
Then for any word u in F+n ,∥∥∥∥∥∥
∑
w∈F+n\{∅}
bwR
∗
wξu
∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
∑
w∈F+n\{∅}
bwRwξu
∥∥∥∥∥∥ .
Proof. We have ∥∥∥∥∥∥
∑
w∈F+n\{∅}
bwR
∗
wξu
∥∥∥∥∥∥
2
=
∑
w∈F+n\{∅}
w=w′u
|bw|2
≤
∑
w∈F+n\{∅}
|bw|2
=
∥∥∥∥∥∥
∑
w∈F+n\{∅}
bwRwξu
∥∥∥∥∥∥
2
.

Lemma 4.5. Let T be an L-Toeplitz operator with Fourier series
T ∼
∑
w∈F+n
awRw +
∑
w∈F+n\{∅}
bwR
∗
w.
Then given p ≥ 1 and ǫ > 0, there is a word v in F+n suh that
‖R∗vTRvξu − a∅ξu‖ < ǫ
for any word u ∈ Fpn.
Proof. For k ≥ 1, let vk be the word vk = 12k. Then for any word w in F+n ,
R∗vkRwRvk =


I if w = ∅,
Rvkw′ if w = w
′vk for w
′ ∈ F+n ,
0 otherwise.
This implies the Fourier series for R∗vkTRvk is given by
R∗vkTRvk ∼ a∅I +
∑
w∈F+n\{∅}
w=w′vk
awRvkw′ +
∑
w∈F+n\{∅}
w=w′vk
bwR
∗
vkw′
.
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Hene for u in F+n ,
R∗vkTRvkξu ∼ a∅ξu +
∑
w∈F+n\{∅}
w=w′vk
awRvkw′ξu +
∑
w∈F+n\{∅}
w=w′vk
bwR
∗
vkw′
ξu.
This gives
‖R∗vkTRvkξu − a∅ξu‖ =
∥∥∥∥∥∥∥∥∥
∑
w∈F+n\{∅}
w=w′vk
awRvkw′ξu +
∑
w∈F+n\{∅}
w=w′vk
bwR
∗
vkw′ξu
∥∥∥∥∥∥∥∥∥
≤
∥∥∥∥∥∥∥∥∥
∑
w∈F+n\{∅}
w=w′vk
awRvkw′ξu
∥∥∥∥∥∥∥∥∥
+
∥∥∥∥∥∥∥∥∥
∑
w∈F+n\{∅}
w=w′vk
bwR
∗
vkw′
ξu
∥∥∥∥∥∥∥∥∥
≤
∥∥∥∥∥∥∥∥∥
∑
w∈F+n\{∅}
w=w′vk
awRvkw′ξu
∥∥∥∥∥∥∥∥∥
+
∥∥∥∥∥∥∥∥∥
∑
w∈F+n\{∅}
w=w′vk
bwRvkw′ξu
∥∥∥∥∥∥∥∥∥
,
where the last inequality follows from Lemma 4.4. Now∥∥∥∥∥∥∥∥∥
∑
w∈F+n\{∅}
w=w′vk
awRvkw′ξu
∥∥∥∥∥∥∥∥∥
2
=
∑
w∈F+n\{∅}
w=w′vk
|aw|2 = ‖R∗vkTξ∅‖2,
and similarly,∥∥∥∥∥∥∥∥∥
∑
w∈F+n\{∅}
w=w′vk
bwRvkw′ξu
∥∥∥∥∥∥∥∥∥
2
=
∑
w∈F+n\{∅}
w=w′vk
|bw|2 = ‖R∗vkT ∗ξ∅‖2,
Hene the result follows from the fat that for all ξ in Fn, ‖R∗vξ‖ → 0 as |v| →
∞. 
Reall that φ : (Ln)∗ → S∗ is the predual of the map Φ−1 : S → Ln.
Lemma 4.6. Let X : Fn → H be an intertwining operator, and let x = Xξ∅.
Then given p ≥ 1 and ǫ > 0, there exists a word v in F+n suh that∥∥[Su1vx⊗ Su2vx]S − ‖x‖2φ([ξu1 ⊗ ξu2 ]Ln)∥∥ < ǫ
for all words u1 and u2 in F
p
n.
Proof. By saling X if neessary, we an suppose that ‖x‖ = 1. Let T = X∗X .
Then T is an L-Toeplitz operator by Lemma 4.3. Writing the Fourier series for T
as
T ∼
∑
w∈F+n
awRw +
∑
w∈F+n\{0}
bwR
∗
w,
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it follows that a∅ = ‖x‖2 = 1. Hene by Lemma 4.5, there exists a word v in F+n
suh that ‖R∗vTRvξu2 − ξu2‖ < ǫ for any word u2 in Fpn. Then for A in S,
(A, [Su1vx⊗ Su2vx]S) = (ASu1vx, Su2vx)
= (ASu1vXξ∅, Su2vXξ∅)
= (XΦ−1(A)Lu1vξ∅, XLu2vξ∅)
= (XΦ−1(A)Rvξu1 , XRvξu2)
= (XRvΦ
−1(A)ξu1 , XRvξu2)
= (Φ−1(A)ξu1 , R
∗
vTRvξu2)
for all words u1 and u2 in F
p
n. This gives
|(A, [Su1vx⊗ Su2vx]S − [ξu1 ⊗ ξu2 ]Ln)| =
∣∣(Φ−1(A)ξu1 , R∗vTRvξu2 − ξu2)∣∣
≤ ‖Φ−1(A)ξu1‖‖R∗vTRvξu2 − ξu2‖
< ǫ‖A‖.
Therefore,
‖[Su1vx⊗ Su2vx]S − φ([ξu1 ⊗ ξu2 ]Ln)‖ < ǫ. 
Lemma 4.7. Let M ≥ 2 be minimal suh that S(M) has a wandering vetor w =
(w1, ..., wM ). Then given ǫ ∈ (0, 1) there exists a unit vetor x = (x1, ..., xM ) in
S(M)[w] suh that x1 = Xξ∅ for some intertwining operator X : Fn → H, and
‖x1‖ > 1− ǫ.
Proof. Let P denote the projetion map from S(M)[w] to H(M−1) whih takes
x = (x1, ..., xM ) to (x2, ..., xM ). Then P intertwines the restrition of S(M) to
S(M)[w] and S(M−1). The restrition of S(M) to S(M)[w] is unitarily equivalent to
Ln. Let U be a unitary implementing this equivalene. Then setting Y = PU , Y
intertwines Ln and S(M−1). Suppose that for all x in S(M)[w], ‖x1‖ ≤ (1− ǫ)‖x‖.
Then
‖x‖2 =
M∑
i=1
‖xi‖2 ≤ (1− ǫ)2‖x‖2 +
M∑
i=2
‖xi‖2,
whih gives
mM∑
i=2
‖xi‖2 ≥ (1− (1− ǫ)2)‖x‖2,
implying that P is bounded below, and hene that Y is bounded below. By [11,
Theorem 2.8℄, this implies that the range of Y is a wandering subspae for S(M−1),
ontraditing the minimality of M . Hene there must be some unit vetor x in
S(M)[w] suh that ‖x1‖ > 1− ǫ.
Let Q denote the projetion map from S(M)[w] to H whih takes y = (y1, ..., yM )
to y1, and let Z = QU . Note that x1 is ontained in the range of Z. For every R
in Rn, the operator ZR intertwines Ln and S. Moreover, sine the set of vetors
{Rξ∅ : R ∈ Rn} is dense in Fn, the set {ZRξ∅ : R ∈ Rn} is dense in the losure
of the range of Z. It follows that we an hoose the vetor x as above suh that
x1 = Xξ∅ for some intertwining operator X : Fn → H. 
Let M ≥ 1 be minimal suh that the ampliation S(M) has a wandering vetor x.
Suh M exists by Theorem 2.1. Then H(M) ontains an innite family of pairwise
orthogonal subspaes Wk, for k ≥ 1, whih are wandering for S(M). For example,
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we an take Wk = S(m)[S(m)vk x], where vk = 12k. For k ≥ 1, let Mk denote the
linear manifold in H given by
Mk = {z ∈ H : z = z1 for some z = (z1, ..., zM ) in Wk}.
Let W denote the algebrai span of the Wk, and let M denote the algebrai span
of the Mk.
Lemma 4.8. Given h1, ..., hq in M and ǫ > 0, there exists a unit vetor y in M
suh that y = Y ξ∅ for some intertwining operator Y : Fn → H, and suh that
‖[Suy ⊗ hj]S‖ < ǫ and ‖[hj ⊗ Suy]S‖ < ǫ for any word u ∈ F+n and 1 ≤ j ≤ q.
Proof. For eah j, there exists h
(j)
= (h
(j)
1 , ..., h
(j)
M ) in W suh that hj = h(j)1 .
Choose ǫ0 ∈ (0, 1) suh that ǫ0/(1 − ǫ0) < ǫ and ǫ0/‖h(j)‖ < 1 for 1 ≤ j ≤ q, and
hoose r suiently large that h
(j)
is orthogonal to Wr for 1 ≤ j ≤ q.
By Lemma 4.7, there exists a unit vetor x = (x1, ..., xM ) in Mr suh that
x1 = Xξ∅ for some intertwining operator X : Fn → H, and suh that
‖x1‖ > max

1− ǫ0,
(
1− ǫ
2
0
‖h(j)‖2
)1/2
: 1 ≤ j ≤ q

 .
This gives 1/‖x1‖ < 1/(1− ǫ0) and
M∑
i=2
‖xi‖2 = 1− ‖x1‖2 < ǫ
2
0
‖h(j)‖2
, 1 ≤ j ≤ q.
For any word u in F+n ,
‖[Sux1 ⊗ h(j)1 ]S‖ ≤
∥∥∥∥∥
M∑
i=1
[Suxi ⊗ h(j)i ]S
∥∥∥∥∥+
∥∥∥∥∥
M∑
i=2
[Suxi ⊗ h(j)i ]S
∥∥∥∥∥
=
∥∥∥[S(M)u x⊗ h(j)]S∥∥∥+
∥∥∥∥∥
M∑
i=2
[Suxi ⊗ h(j)i ]S
∥∥∥∥∥
=
∥∥∥∥∥
M∑
i=2
[Suxi ⊗ h(j)i ]S
∥∥∥∥∥
≤
(
M∑
i=2
‖Suxi‖2
)1/2( M∑
i=2
‖h(j)i ‖2
)1/2
=
(
M∑
i=2
‖xi‖2
)1/2( M∑
i=2
‖h(j)i ‖2
)1/2
<
ǫ0
‖h(j)‖
(
M∑
i=2
‖h(j)i ‖2
)1/2
≤ ǫ0,
where we have used the fat that x and h
(j)
belong to orthogonal S(M)-invariant
subspaes, whih implies that ‖[S(M)u x ⊗ h(j)]S‖ = 0. Multiplying this inequality
by 1/‖x1‖ = 1/‖Sux1‖ then gives
‖[Su(x1/‖x1‖)⊗ hj ]‖ < ǫ0/(1− ǫ0)
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for 1 ≤ j ≤ q. In the same way we get
‖hj ⊗ Su(x1/‖x1‖)]‖ < ǫ0/(1− ǫ0)
for 1 ≤ j ≤ q. Hene we an take y = x1/‖x1‖ and Y = X/‖x1‖. 
Lemma 4.9. Given h1, ..., hq in M, p ≥ 1, and ǫ > 0, there exists a unit vetor z
in M suh that
‖[Su1z ⊗ Su2z]S − φ([ξu1 ⊗ ξu2 ]Ln)‖ < ǫ
for all u1 and u2 in F
p
n, and suh that ‖[Swz ⊗ hj ]S‖ < ǫ and ‖[hj ⊗ Swz]S‖ < ǫ
for all w ∈ F+n and 1 ≤ j ≤ q.
Proof. By Lemma 4.8, there exists a unit vetor y in M suh that y = Y ξ∅ for
some intertwining operator Y : Fn → H, and suh that for any word w in F+n ,
‖[Swy ⊗ hj ]S‖ < ǫ and ‖[hj ⊗ Swy]S‖ < ǫ for 1 ≤ j ≤ q. By Lemma 4.6, there
exists a word v in F+n suh that ‖[Su1Svy ⊗ Su2Svy]S − φ([ξu1 ⊗ ξu2 ]Ln)‖ < ǫ for
any words u1 and u2 in F
p
n. Then ‖[SwSvy ⊗ hj ]S‖ = ‖[Swvy ⊗ hj ]S‖ < ǫ and
‖[hj ⊗ SwSvy]S‖ = ‖[hj ⊗ Swvy]S‖ < ǫ, so we an take z = Svy. 
Lemma 4.10. Given a weak*-ontinuous linear funtional π on S, h1, ..., hq in
M, and ǫ > 0, there are vetors x and y in M suh that
(1) ‖π − [x⊗ y]S‖ < ǫ,
(2) ‖x‖ < (1 + ǫ)‖π‖1/2 and ‖y‖ < (1 + ǫ)‖π‖1/2,
(3) ‖[x⊗ hj ]S‖ < ǫ and ‖[hj ⊗ y]S‖ < ǫ for 1 ≤ j ≤ q.
Proof. By saling π and ǫ if neessary, we an assume that ‖π‖ = 1. Choose ǫ0 > 0
suh that 2ǫ0 + 3ǫ
2
0 < ǫ/2 and 4ǫ0 + 4ǫ
2
0 < ǫ + ǫ
2/2. Sine Ln has property A1(1),
there are vetors ξ and η in Fn suh that [ξ ⊗ η]Ln = φ−1(π), with ‖ξ‖ < 1 + ǫ0
and ‖η‖ < 1 + ǫ0.
Sine ξ∅ is yli for Ln, there is p ≥1 and C and D in the span of {Lu : u ∈ Fpn}
suh that ‖Cξ∅ − ξ‖ < ǫ0 and ‖Dξ∅ − η‖ < ǫ0. Then
‖Cξ∅‖ ≤ ‖Cξ∅ − ξ‖+ ‖ξ‖ < 1 + 2ǫ0,
so ‖Cξ∅‖2 < 1 + ǫ+ ǫ2/2, and similarly, ‖Dξ∅‖2 < 1 + ǫ + ǫ2/2. Also,
‖π − [Cξ∅ ⊗Dξ∅]Ln‖ = ‖[ξ ⊗ η]Ln − [Cξ∅ ⊗Dξ∅]Ln‖
≤ ‖[(ξ − Cξ∅)⊗ η]Ln‖+ ‖[(Cξ∅ − ξ)⊗ (η −Dξ∅)]Ln‖+
‖[ξ ⊗ (η −Dξ∅)]Ln‖
≤ ‖ξ − Cξ∅‖‖η‖+ ‖ξ − Cξ∅‖‖η −Dξ∅‖+
‖ξ‖‖η −Dξ∅‖
< 2ǫ0 + 3ǫ
2
0
< ǫ/2.
Set A = Φ(C) and B = Φ(D). If we expand C and D as
C =
∑
u∈Fpn
cuLu and D =
∑
u∈Fpn
duLu,
then
A =
∑
u∈Fpn
cuSu and B =
∑
u∈Fpn
duSu.
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Choose ǫ1 > 0 suh that
ǫ1
∑
u∈Fpn
|cu| < ǫ, ǫ1
∑
u∈Fpn
∣∣du∣∣ < ǫ, ǫ1 ∑
u∈Fpn
∑
v∈Fpn
∣∣cudv∣∣ < ǫ/2,
ǫ1
∑
u∈FNn
∑
v∈FNn
|cucv| < ǫ + ǫ2/2, ǫ1
∑
u∈FNn
∑
v∈FNn
∣∣dudv∣∣ < ǫ+ ǫ2/2.
By Lemma 4.9, there exists a unit vetor z in M suh that
‖[Suz ⊗ Svz]S − φ([ξu ⊗ ξv]Ln)‖ < ǫ1
for any words u and v in Fpn, and suh that ‖[Suz⊗hj]S‖ < ǫ1 and ‖[hj⊗Suz]S‖ < ǫ1
for any word u in F+n and 1 ≤ j ≤ q. Then
‖[Az ⊗Bz]S −φ([Cξ∅ ⊗Dξ∅]Ln)‖
=
∥∥∥∥∥∥
∑
u∈Fpn
∑
v∈Fpn
cudv([Suz ⊗ Svz]S − φ([Suξ∅ ⊗ Svξ∅]Ln))
∥∥∥∥∥∥
≤
∑
u∈Fpn
∑
v∈Fpn
∣∣cudv∣∣ ‖[Suz ⊗ Svz]S − φ([Suξ∅ ⊗ Svξ∅]Ln))‖
< ǫ1
∑
u∈Fpn
∑
v∈Fpn
∣∣cudv∣∣
< ǫ/2.
Hene from above,
‖π−[Az⊗Bz]S‖ ≤ ‖π−[φ([Cξ∅⊗Dξ∅]Ln)‖+‖φ([Cξ∅⊗Dξ∅]Ln)−[Az⊗Bz]S‖ < ǫ.
By a similar estimation,
‖[Az ⊗Az]S − φ([Cξ∅ ⊗ Cξ∅]Ln)‖ < ǫ1
∑
u∈Fpn
∑
v∈Fpn
|cucv| < ǫ+ ǫ2/2.
Evaluation of these funtionals at the identity then implies
ǫ+ ǫ2/2 > ‖Az‖2 − ‖Cξ∅‖2 ≥ ‖Az‖2 − (1 + ǫ+ ǫ2/2),
and hene that ‖Az‖ < 1 + ǫ. In the same way we get ‖Bz‖ < 1 + ǫ.
Finally,
‖[Az ⊗ hj ]S‖ = ‖
∑
u∈Fpn
cu[Suz ⊗ hj ]S‖
≤
∑
u∈Fpn
|cu| ‖[Suz ⊗ hj]S‖
< ǫ1
∑
u∈Fpn
|cu|
< ǫ,
and in the same way we get
‖[hj ⊗Bz]S‖ < ǫ1
∑
u∈Fpn
∣∣du∣∣ < ǫ.
Hene we an take x = Az and y = Bz. 
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Theorem 4.11. Given a weak*-ontinuous linear funtional π on S and ǫ > 0,
there are vetors x and y in H suh that π = [x ⊗ y]S , ‖x‖ < (1 + ǫ)‖π‖1/2, and
‖y‖ < (1 + ǫ)‖π‖1/2. In other words, S has property A1(1).
Proof. By saling π if neessary, we an assume that ‖π‖ = 1. Choose α > 0 suh
that (1 + α)/(1 − α) < 1 + ǫ. Note that αk → 0 as k → ∞. We laim that for
k ≥ 1, we an nd xk and yk in M suh that
(1) ‖π − [xk ⊗ yk]S‖ < α2k,
(2) ‖xk‖ < (1 + α)(1 + α+ ...+ αk−1) and ‖yk‖ < (1 + α)(1 + α+ ...+ αk−1),
(3) ‖xk − xk−1‖ < (1 + α)αk−1 and ‖yk − yk−1‖ < (1 + α)αk−1 for k ≥ 2.
Setting x0 = 0 and y0 = 0, Lemma 4.10 easily implies this is true for k = 1.
Proeeding by indution, suppose that we have found xk and yk satisfying these
onditions. Choose ǫ0 > 0 suh that ǫ0 < α and ǫ0 < α
2(k+1)/3. By Lemma 4.10,
there are x′ and y′ in M suh that
(1) ‖π − [xk ⊗ yk]S − [x′ ⊗ y′]S‖ < ǫ0,
(2) ‖x′‖ < (1 + ǫ0)‖π − [xk ⊗ yk]S‖1/2 and
‖y′‖ < (1 + ǫ0)‖π − [xk ⊗ yk]S‖1/2,
(3) ‖[x′ ⊗ yk]S‖ < ǫ0 and ‖[xk ⊗ y′]S‖ < ǫ0.
Set xk+1 = xk + x
′
, and yk+1 = yk + y
′
. Then
‖π − [xk+1 ⊗ yk+1]S‖ = ‖π − [(xk + x′)⊗ (yk + y′)]S‖
≤ ‖π − [xk ⊗ yk]S − [x′ ⊗ y′]S‖+ ‖[xk ⊗ y′]S‖+
‖[x′ ⊗ yk]S‖
< 3ǫ0
< α2(k+1).
Also,
‖x′‖ < (1 + ǫ0)‖π − [xk ⊗ yk]S‖1/2 < (1 + α)αk,
whih gives
‖xk+1‖ = ‖xk + x′‖ ≤ ‖xk‖+ ‖x′‖ < (1 + α)(1 + α+ ...+ αk)
and
‖xk+1 − xk‖ = ‖x′‖ < (1 + α)αk.
Symmetrially, ‖yk+1‖ < (1 + α)(1 + α + ... + αk) and ‖yk+1 − yk‖ < (1 + α)αk,
whih establishes the laim.
Now for l > k,
‖xl − xk‖ ≤ ‖xl − xl−1‖+ ...+ ‖xk+1 − xk‖
< (1 + α)(αl−1 + ...+ αk)
≤ αl−1(1 + α)/(1− α),
so the sequene (xk) is Cauhy. Let x = limk xk. Then
‖x‖ = lim
k
‖xk‖ ≤ lim
k
(1 + α)(1 + α+ ...+ αk−1) = (1 + α)/(1 − α) < 1 + ǫ.
Similarly, the sequene {yk} is Cauhy. Letting y = limk yk be its limit, ‖y‖ < 1+ǫ.
Finally, we have
‖π − [x⊗ y]S‖ = lim ‖π − [xk ⊗ yk]S‖ ≤ limα2k = 0,
so π = [x⊗ y]S . 
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Theorem 4.12. Every type L free semigroup algebra has a wandering vetor.
Proof. Let S be a type L free semigroup algebra, and let S0 denote the weak-
operator-losed ideal generated by S1, ..., Sn. Sine S is type L, S0 is proper, and in
partiular doesn't ontain the identity. Let π0 denote the weak-operator ontinuous
linear funtional whih annihilates S0 and satises π(I) = 1.
Sine S has property A1(1), there are vetors x and y in H suh that π0(A) =
(Ax, y) for all A in S. This implies (Swx, y) = 0 for all w ∈ F+n \{∅}, so y is
orthogonal to the subspae S0[x]. However, (x, y) = π(I) = 1, so y is not orthogonal
to the subspae S[x]. Hene S[x] ⊖ S0[x] is nonempty.
Let z be a unit vetor in S[x] ⊖ S0[x]. Then the subspae S0[z] is ontained in
the subspae S0[x], and in partiular, is orthogonal to z. Hene (Swz, z) = 0 for all
w ∈ F+n \{∅}. Let u and v be distint words in F+n suh that |u| ≤ |v|. Then S∗uSv is
in S0, so (Suz, Svz) = (z, S∗uSvz) = 0. By symmetry, it follows that (Suz, Svz) = 0
for every pair of distint words u and v in F+n . Thus z is a wandering vetor for
S. 
Corollary 4.13. A free semigroup algebra is either a von Neumann algebra, or it
ontains a wandering vetor.
Proof. Let S be a free semigroup algebra. By the general struture theorem for
free semigroup algebras [10℄, S is either a von Neumann algebra, or it has a type L
part. In the latter ase, by Theorem 4.12, S has a wandering vetor. 
By Theorem 4.1 of [11℄, every free semigroup algebra whih has a wandering
vetor is reexive. Thus we have established the following result.
Corollary 4.14. Every free semigroup algebra is reexive.
Theorem 4.2 of [11℄ shows that every type L free semigroup algebra whih has
a wandering vetor is hyper-reexive with hyper-reexivity onstant at most 55.
This gives the following result, whih we will rene in setion 5.
Corollary 4.15. Every type L free semigroup algebra is hyper-reexive with hyper-
reexivity onstant at most 55.
5. Hyper-reflexivity and the Fatorization of Linear Funtionals
In this setion we will show that the predual of every type L free semigroup
algebra with n ≥ 2 generators satises a very strong fatorization property. By a
result of Berovii [4℄, we will obtain as a onsequene that every suh algebra is
hyper-reexive with hyper-reexivity onstant at most 3.
Denition 5.1. A weak*-losed subspae S of B(H) is said to have property X0,1
if given a weak*-ontinuous linear funtional π on S with ‖π‖ ≤ 1, h1, ..., hq in H,
and ǫ > 0, there are vetors x and y in H suh that
(1) ‖π − [x⊗ y]S‖ < ǫ,
(2) ‖x‖ ≤ 1 and ‖y‖ ≤ 1,
(3) ‖[x⊗ hj ]S‖ < ǫ and ‖[hj ⊗ y]S‖ < ǫ for 1 ≤ j ≤ q.
Berovii [4℄ showed that any weak*-losed algebra whose ommutant ontains
two isometries with pairwise orthogonal ranges has property X0,1, and showed that
any weak*-losed algebra with propety X0,1 is hyper-reexive with hyper-reexivity
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onstant at most 3. For n ≥ 2, this inludes Ln. We will show that every type L
free semigroup algebra with n ≥ 2 generators has property X0,1.
We require the following result whih is implied by Lemma 1.2 in [14℄.
Lemma 5.2. Given an isometry V in Rn, vetors ν1, ..., νq in Fn, and ǫ > 0, there
exists m suh that ‖(V ∗)mηj‖ < ǫ for 1 ≤ j ≤ q.
For the remainder of this setion we x a type L free semigroup algebra S with
n ≥ 2 generators ating on a Hilbert spae H, and we let Z denote the weak*
losure of S +S∗. Let Φ denote the anonial map from Ln to S. By Theorem 3.6,
we an extend Φ to a map from the set TR of R-Toeplitz operators to Z, and this
extension is a omplete isometry and a weak*-to-weak* homeomorphism.
For x and y in H, we will need to take are to distinguish between the weak-
operator-ontinuous vetor funtional [x⊗y]S dened on S, and the weak-operator-
ontinuous vetor funtional [x⊗ y]Z dened on Z.
The following lemma is a variation of an argument of Berovii [4℄. It was kindly
provided by Ken Davidson.
Lemma 5.3. Given isometries U and V in Rn with orthogonal ranges, vetors ξ
and ν in Fn with ν in the kernel of U∗, and ǫ > 0, dene
ηk =
1√
k
k∑
i=1
U iV ξ.
Then limk ‖[ν ⊗ ηk]TR‖ = 0.
Proof. Let H2 denote the Hardy-Hilbert spae with orthonormal basis {ek : k ≥ 0}.
For k ≥ 0, dene Y : H2 → Fn by Y ek = UkV ξ and Z : H2 → Fn by Zek = Ukν
for k ≥ 0. Note that Y and Z are isometries. For T in TR, by Lemma 3.3 we an
fator T as T = A∗B, for A and B in Ln. Then
(Y ∗TZej, ei) = (A
∗BU jν, U iV ξ)
= (A∗V ∗(U∗)iU jBν, ξ)
=
{
0 if i < j
ci−j if i ≥ j
,
where ci−j = (A
∗Bν,U i−jV ξ) = (Tν, U i−jV ξ). This implies that Y ∗TZ is an
analyti Toeplitz operator with symbol f , for some f in H∞. Note that ‖f‖∞ =
‖Y ∗TZ‖ ≤ ‖T ‖. Hene
|(T, [ν ⊗ ηk]TR)| =
∣∣∣∣∣(Tν, 1√k
k∑
i=1
U iV ξ)
∣∣∣∣∣
=
1√
k
∣∣∣∣∣
k∑
i=1
(Tν, U iV ξ)
∣∣∣∣∣
=
1√
k
∣∣∣∣∣
k∑
i=1
ci
∣∣∣∣∣
≤ 1√
k
‖Dk‖1‖f‖∞
≤ 1√
k
‖Dk‖1‖T ‖,
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where ‖Dk‖1 denotes the L1-norm of the Dirihlet kernel. Using the well-known
fat that ‖Dk‖1 grows logarithmially as k →∞ gives limk ‖[ν ⊗ ηk]TR‖ = 0. 
Lemma 5.4. Given vetors h1, ..., hq in H and ǫ > 0, there exists an intertwining
operator Y : Fn → H suh that ‖Y ξ∅‖ = 1 and ‖[Y ξ∅ ⊗ hi]Z‖ < ǫ for 1 ≤ i ≤ q.
Proof. For 1 ≤ i ≤ q, let Hi : Fn → H be an intertwining operator suh that
‖Hiξ∅ − hi‖ < ǫ/2. Sine S is type L, by Theorem 4.12 there is an isometri
intertwining operator X : Fn → H. Then eah H∗i X is an L-Toeplitz operator, so
by Lemma 3.3, we an write H∗i X = A
∗
iBi, for some Ai and Bi in Rn suh that Ai
and Bi are bounded below. Let Ci = R1i2Bi, and let D =
∑k
i=1 R1i2Ai. Then D is
bounded below and H∗i X = C
∗
iD. Using inner-outer fatorization, write D = UF
for U and F in Rn, where U is inner and F is outer. Then F is bounded below
sine D is, and hene is invertible.
By Lemma 5.2, there exists m suh that ‖(U∗)mCiξ∅‖ < ǫ/(8‖F‖) for 1 ≤ i ≤ q.
Write Ciξ∅ = νi + ωi, where ‖ωi‖ < ǫ/(8‖F‖), and νi is in the kernel of (U∗)m.
Set V = UmR1 and W = U
mR2. Then V and W are isometries in Rn with
pairwise orthogonal ranges. Note that νi is in the kernel of V
∗
. For k ≥ 1, dene
intertwining operators Yk : Fn → H by
Yk = XF
−1 1√
k + 1
k∑
j=0
Um−1R1V
jW,
and dene
ηk =
1√
k
k∑
j=1
V jWξ∅.
Note that ηk is a unit vetor.
Using the fat that V = DF−1Um−1R1, we ompute
H∗i Yk = H
∗
i XF
−1 1√
k + 1
k∑
j=0
Um−1R1V
jW
= C∗i DF
−1 1√
k + 1
k∑
j=0
Um−1R1V
jW
= C∗i
1√
k + 1
k+1∑
j=1
V jW.
Then for T in TR,
(THiξ∅, Ykξ∅) = (Φ
−1(T )Ciξ∅,
1√
k + 1
k+1∑
j=1
V jWξ∅)
= (Φ−1(T )Ciξ∅, ηk+1),
Hene ‖[Hiξ∅ ⊗ Ykξ∅]Z‖ = ‖[Ciξ∅ ⊗ ηk+1]TR‖. By Lemma 5.3, we an hoose r
suiently large that ‖[νi ⊗ ηr+1]TR‖ < ǫ/(8‖F‖). This gives
‖[Ciξ∅ ⊗ ηr+1]TR‖ ≤ ‖[νi ⊗ ηr+1]TR‖+ ‖[ωi ⊗ ηr+1]TR‖
≤ ‖[νi ⊗ ηr+1]TR ]‖+ ‖ωi‖‖ηr+1‖
< ǫ/(4‖F‖).
WANDERING VECTORS AND THE REFLEXIVITY OF FREE SEMIGROUP ALGEBRAS 20
Thus ‖[Hiξ∅ ⊗ Ykξ∅]Z‖ < ǫ/(4‖F‖) for 1 ≤ i ≤ q.
Now,
‖Yrξ∅‖2 = ‖XF−1 1√
r + 1
r∑
j=0
Um−1R1V
jWξ∅‖2
≥ 1
(r + 1)‖F‖2 ‖
r∑
j=0
Um−1R1V
jWξ∅‖2
=
r
(r + 1)‖F‖2 ,
whih implies
‖Yrξ∅‖ ≥ 1
2‖F‖ .
Setting Y = Yr/‖Yrξ∅‖, it follows that
‖[Hiξ∅ ⊗ Y ξ∅]Z‖ = 1‖Ypξ∅‖‖[Hiξ∅ ⊗ Ypξ∅]Z‖
≤ 2‖F‖‖[Hiξ∅ ⊗ Ykξ∅]Z‖
< ǫ/2.
Thus
‖[hjξ∅ ⊗ Y ξ∅]Z‖ ≤ ‖[(hj −Hjξ∅)⊗ Y ξ∅]Z‖+ ‖[Hjξ∅ ⊗ Y ξ∅]Z‖
≤ ‖hj −Hjξ∅‖‖Y ξ∅‖+ ‖[Hjξ∅ ⊗ Y ξ∅]Z‖
< ǫ.

Lemma 5.5. Given vetors h1, ..., hq in H, p ≥ 1, and ǫ > 0, there exists a unit
vetor z in H suh that
‖[Su1z ⊗ Su2z]S − φ([ξu1 ⊗ ξu2 ]Ln)‖ < ǫ
for all u1 and u2 in F
p
n, and suh that ‖[Swz⊗ hi]S‖ < ǫ and ‖[hi⊗Swz]S‖ < ǫ for
all w ∈ F+n and 1 ≤ i ≤ q.
Proof. By Lemma 5.4, there is an intertwining operator Y : Fn → H suh that
‖Y ξ∅‖ = 1 and ‖[Y ξ∅ ⊗ hi]Z‖ < ǫ for 1 ≤ i ≤ q. By Lemma 4.6, there is a word v
in F+n suh that ‖[Su1vY ξ∅⊗Su2vY ξ∅]S−φ([ξu1 ⊗ξu2 ]Ln)‖ < ǫ for all words u1and
u2 in F
p
n. Set z = SvY ξ∅.
For T in Z and w ∈ F+n ,
|(T, [Swz ⊗ hj ]Z)| = |(TSw, [z ⊗ hj ]Z)|
≤ ‖TSw‖‖[z ⊗ hj ]Z‖
≤ ‖T ‖‖[z ⊗ hJ ]Z‖.
Hene ‖[Swz⊗hi]Z‖ ≤ ‖[z⊗hi]Z‖ < ǫ and similarly, ‖[hi⊗Swz]Z‖ ≤ ‖[hi⊗z]Z‖ < ǫ.
In partiular, restriting to S gives ‖[Swz ⊗ hi]S‖ < ǫ and ‖[hi ⊗ Swz]S‖ < ǫ. 
Lemma 5.5 is essentially a strengthened version of Lemma 4.9, in the sense that
the hi's in the hypothesis an be ompletely arbitrary.
Lemma 5.6. Given a weak*-ontinuous linear funtional π on S, h1, ..., hq in H,
and ǫ > 0, there are vetors x and y in H suh that
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(1) ‖π − [x⊗ y]S‖ < ǫ,
(2) ‖x‖ < (1 + ǫ)‖π‖1/2 and ‖y‖ < (1 + ǫ)‖π‖1/2,
(3) ‖[x⊗ hj ]S‖ < ǫ and ‖[hj ⊗ y]S‖ < ǫ for 1 ≤ j ≤ q.
Proof. The proof follows exatly as in the proof of Lemma 4.11, using Lemma 5.5
in plae of Lemma 4.10. 
Lemma 5.6 learly implies the desired result.
Theorem 5.7. Every type L free semigroup algebra with n ≥ 2 generators has
property X0,1.
Corollary 5.8. Every type L free semigroup algebra with n ≥ 2 generators is
hyper-reexive with hyper-reexivity onstant at most 3.
Remark 5.9. We note here that the results in Setion 5 an be proved independently
of Setion 4. Let S be a type L free semigroup algebra. By Lemma 2.1, for some m,
the ampliation S(m) has a wandering vetor. By the results in this setion, S(m) has
property X0,1. By Theorem 3.8 of [5℄, it follows that S has property X(m−1/m),1,
whih by [4℄ implies that S is hyper-reexive, and in partiular is reexive. It
follows that S has a wandering vetor, and we an apply the results of Setion 5 to
obtain that S has property X0,1.
6. Conluding Remarks
In [10℄, Davidson, Katsoulis, and Pitts posed the following four questions about
free semigroup algebras.
(1) Can a free semigroup algebra be a von Neumann algebra?
(2) Does every type L free semigroup algebra have a wandering vetor?
(3) Is every free semigroup algebra reexive, or even hyper-reexive?
(4) Is the restrition of a type L free semigroup algebra to an invariant subspae
also of type L?
In [21℄ (see also [9℄), Read answered (1) in the armative by showing that B(H)
is a free semigroup algebra. Theorem 4.12 gives an armative answer to (2), and
Corollary 4.14 gives an armative answer to the rst part of (3). Corollary 4.15
partially answers the seond part of (3) in the armative, as we now explain.
Reall that by the general struture theorem for free semigroup algebras [10℄,
every free semigroup algebra deomposes into 2 × 2 blok-lower-triangular form,
where the left olumn is a slie of a von Neumann algebra, and the bottom right
entry is a type L free semigroup algebra. By Corollary 4.15, we know that the
type L part is hyper-reexive. The diulty in proving the hyper-reexivity of the
entire algebra omes down to the fat that it is an open question whether every
von Neumann algebra is hyper-reexive.
For n = 1, (4) has a negative answer, as the following example from [10℄ shows.
Example 6.1. Let U denote the bilateral shift, i.e. the operator of multipliation
by z on L2(T, µ), where µ is Lebesgue measure. Let 1[0,pi] and 1[pi,2pi] denote the
harateristi funtion for the intervals [0, π] and [π, 2π] respetively, and dene
measures µ1 and µ2 by µ1 = 1[0,pi]µ and µ2 = 1[pi,2pi]µ. Let U1 and U2 be the
operators of multipliation by z on L2(T, µ1) and L
2(T, µ2) respetively. Sine the
support of µ1 and µ2 are proper measurable subsets of the irle, by [22℄, the weak-
operator-losed algebras generated by U1 and U2 are self-adjoint. On the other
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hand, U1⊕U2 is unitarily equivalent to the bilateral shift U , so the weak-operator-
losed algebra it generates is isomorphi to the analyti Toeplitz algebra.
For n ≥ 2, the answer to (4) is unknown, but it is related to the notion of
absolute ontinuity, whih we now disuss.
The non-ommutative analyti disk algebra An is the norm-losed (non-self-
adjoint) algebra generated by L1, ..., Ln. Popesu [19℄ showed that the norm-losed
algebra generated by any row isometry of size n is ompletely isometrially isomor-
phi to An.
Denition 6.2. Let σ be a ∗-extendible representation of An on a Hilbert spaeH.
These are preisely the representations with the property that [σ(S1) · · · σ(Sn)]
is a row isometry. We say that σ is absolutely ontinuous if, for every x in H, the
linear funtional on An given by
A→ (σ(A)x, x), A ∈ An
extends to a weak*-ontinuous linear funtional on Ln.
If a representation σ is type L, i.e. if σ(L1), ..., σ(Ln) generate a type L free semi-
group algebra, then the fat that every type L free semigroup algebra is ompletely
isometrially isomorphi and weak*-to-weak* homeomorphi to Ln immediately im-
plies that σ is absolutely ontinuous. In [11℄, Davidson, Li, and Pitts onjetured
that for n ≥ 2, the onverse of this holds. In other words, they onjetured that
for n ≥ 2, every absolutely ontinuous representation of An is atually of type L.
For n = 1, this is not true. Indeed, it's lear from Denition 6.2 that a represen-
tation whih is a diret summand of an absolutely ontinuous representation is also
absolutely ontinuous. It follows that U1 and U2 from Example 6.1 orrespond to
absolutely ontinuous representations. However, the weak-operator-losed algebras
generated by U1 and U2 are self-adjoint, and in partiular are not of type L.
A proof of the onjeture would therefore provide an interesting example of a
result in the non-ommutative setting whih has no ommutative ounterpart. On
the other hand, it would be even more interesting if this onjeture was false, as we
now explain.
It was shown in [13℄ that for n ≥ 2, if σ is an absolutely ontinuous representation
of An, then the innite ampliation σ(∞) is a representation of type L. In this ase,
the weak*-losed algebra generated by σ(L1), ..., σ(Ln) is algebraially isomorphi
to Ln, and so is non-self-adjoint, while the weak-operator-losed algebra generated
by σ(L1), ..., σ(Ln) is self-adjoint. This is not ompletely implausible, as Loebl
and Muhly [15℄ have demonstrated the existene of weak*-losed non-self-adjoint
algebras of analyti type whose weak losure is self-adjoint.
Our results seem to provide some evidene that this onjeture is true. Davidson,
Li, and Pitts [11℄ showed that if an absolutely ontinuous representation of An has
a wandering vetor, then it is type L. On the other hand, we know by Theorem 4.12
that if a representation of An is type L, then it has a wandering vetor. Therefore,
the truth of the onjeture is equivalent to the existene of a wandering vetor for
every absolutely ontinuous representation.
For n ≥ 2, suppose that σ is an absolutely ontinuous representation of An. One
would like to use the methods in the present paper to nd a wandering vetor for σ.
Unfortunately, we no longer know that some nite ampliation of σ is type L, whih
means we an't make use of Theorem 2.1. However, most of our approximation
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tehniques do still work in this setting, so it seems plausible that some modia-
tion of our methods whih avoids the dependene on Theorem 2.1 ould yield a
wandering vetor for σ.
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